Driven particles in presence of crowded environment, obstacles or kinetic constraints often exhibit negative differential mobility (NDM) due to their decreased dynamical activity. We propose a new mechanism for complex many-particle systems where slowing down of certain non-driven degrees of freedom by the external field can give rise to NDM. This phenomenon, resulting from inter-particle interactions, is illustrated in a pedagogical example of two interacting random walkers, one of which is biased by an external field while the same field only slows down the other keeping it unbiased. We also introduce and solve exactly the steady state of several driven diffusive systems, including a two species exclusion model, asymmetric misanthrope and zero-range processes, to show explicitly that this mechanism indeed leads to NDM. The linear response of a system close to thermal equilibrium is characterized by the fluctuation-dissipation theorem [1] . The current generated by a small external drive can be predicted from equilibrium correlation functions using the so-called Green-Kubo relations [2, 3] and the mobility, that is the ratio of the average particle current to the external force, remains necessarily positive. Away from equilibrium, the linear response formula gets modified [4] and positivity of mobility is no longer guaranteed. In fact, particles driven far away from equilibrium might show absolute negative mobility [5] [6] [7] [8] or negative differential mobility.
Driven particles in presence of crowded environment, obstacles or kinetic constraints often exhibit negative differential mobility (NDM) due to their decreased dynamical activity. We propose a new mechanism for complex many-particle systems where slowing down of certain non-driven degrees of freedom by the external field can give rise to NDM. This phenomenon, resulting from inter-particle interactions, is illustrated in a pedagogical example of two interacting random walkers, one of which is biased by an external field while the same field only slows down the other keeping it unbiased. We also introduce and solve exactly the steady state of several driven diffusive systems, including a two species exclusion model, asymmetric misanthrope and zero-range processes, to show explicitly that this mechanism indeed leads to NDM. The linear response of a system close to thermal equilibrium is characterized by the fluctuation-dissipation theorem [1] . The current generated by a small external drive can be predicted from equilibrium correlation functions using the so-called Green-Kubo relations [2, 3] and the mobility, that is the ratio of the average particle current to the external force, remains necessarily positive. Away from equilibrium, the linear response formula gets modified [4] and positivity of mobility is no longer guaranteed. In fact, particles driven far away from equilibrium might show absolute negative mobility [5] [6] [7] [8] or negative differential mobility.
Negative differential mobility (NDM) refers to the physical phenomenon when current in a driven system decreases as the external drive is increased [9, 10] . This has been observed in various systems, both in context of particle [9, 11, 12] and thermal transport [13] [14] [15] . In particular, the occurrence of NDM of driven tracer particles in presence of obstacles [16] [17] [18] [19] [20] or in steady laminar flow [21] or crowded medium [22, 23] have been studied extensively in recent years. NDM has also been observed in driven many-particle systems in presence of kinetic constraints [24] or obstacles [20, 25] . The emergence of NDM in all these systems is typically associated with 'trapping' of the driven particles; the obstacles or the crowded environment slows down the particle motion as the driving is increased, which, in turn, reduces the current. This trapping is usually characterized by a decrease in the so called 'traffic' or dynamical activity [16, 19] , which plays a key role in understanding response of nonequilibrium systems [4, 26] .
In interacting systems, current constitutes of contributions from many degrees of freedom (or different types of particles or modes), each of which can be driven separately; the external field might also act differently on different modes. Reducing the dynamical activity or 'traffic' of some degrees of freedom which are not necessarily * amit.chatterjee@saha.ac.in driven, can be expected to influence the dynamical activity of the driven ones due to interaction; this raises a possibility of having a new mechanism to induce NDM in interacting systems.
In this article we propose a generic mechanism for NDM in driven interacting particle systems. We show that if the inter-particle interaction slows down the time scale of modes which are not necessarily driven, then a non-monotonic behaviour of current might arise leading to a negative differential mobility. We introduce an interacting two-species model to demonstrate explicitly that the increased external bias on one species can in fact reduce the dynamical activity of the other. NDM appears to be a direct consequence of this effect; trapping of driven particles alone by the increased bias may not be sufficient. To validate this scenario we introduce and study several exactly solvable models, the simplest being two distinguishable random walkers on a one dimensional lattice interacting via mutual exclusion. We explicitly show that when one of the particles is driven by an external field, corresponding current may decrease when the escape rate of the second, undriven, particle decreases as a function of the field. We generalize this scenario to interacting many particle systems with two or more species of particles, with and without hardcore interactions.
Let us first consider a system of interacting particles of two species on a one-dimensional periodic lattice of size L. Each site i = 1, 2 . . . L is either vacant or occupied by at most one particle of kind A or B, represented by the site variables τ i = 0, A, B respectively. The configuration of the system evolves following the dynamical rules,
where r(X), l(X) are the hop rates of a B particle to the right and left empty neighboring sites, respectively, when X = 0, A, B is the occupancy of the other neighbor. Here we consider a specific case q = 1 − p, r(0) = w and all other rates r(X) = 1 − w = l(X); this corresponds to the physical scenario where isolated B particles are driven by a constant bias quantified by w while other B particles diffuse symmetrically. In addition to the dynamics (1), we also allow an exchange between neighboring A and B particles, Figure 1 shows j A,B for two different densities ρ B = 0.1, 0.5 of the B-particles; NDM is seen in the former case while the current shows a monotonic behaviour in the latter one. To understand the origin of the NDM in this system and to investigate if the driving is, somehow, leading to a 'trapping' of the particles, we measure the average 'traffic' or time-symmetric current
)/L of the A, B particles which are also shown in the Fig. 1 (dashed lines) . The inverse of the traffic measures the typical time-scales associated with particle jumps; it seems that i A is a decreasing function of the drive signifying that the A particles, apart from being driven, are indeed also 'slowed down' by the field ε. Surprisingly, however, it turns out that, decreasing i A alone is not sufficient (see Fig. 1 (b)) rather it is the slowing down of the B particles which is the decisive factor giving rise to NDM [28] . To observe NDM, decreasing traffic of the driven degrees is certainly necessary (as observed in other many-particle systems [20, 24] ) but its insufficiency here indicates presence of possible additional controlling factors.
Based on this phenomenological picture we propose a possible mechanism for NDM in interacting systems: particle current in a driven many particle system might show a non-monotonic behaviour if some modes, which are not driven by the external field, slow down with increased driving. To substantiate this scenario, we consider several interacting particle systems where some degrees of freedom are biased by the external field, whereas the same field slows down other modes explicitly. The aim is to show from exact steady state calculations that particle current in such situations indeed exhibit NDM, purely due to the effect of inter-particle interaction. Two random walkers: As a simple prototypical example of two interacting current-carrying modes we consider two distinguishable particles, denoted by A and B, on a periodic lattice interacting via hardcore exclusion, i.e., the occupancy of the site i is τ i = A, B, 0 where particles A and B cannot occupy the same site. The particles follow a dynamics,
In this Two Random Walkers (TRW) model, the external bias affects the particles differently: the A particle is driven by the external field ε = ln(p/q) whereas the B particle performs an unbiased random walk with jump rate ψ(ε) -also depending on the field ε.
We use the so called Matrix Product Ansatz [29] to express the steady state weight P (C) for any configuration C in a matrix product form :
where the matrix X i =Âδ τi,A +Bδ τi,B +Êδ τi,0 represents occupancy τ i of the site i. The matricesÂ,B,Ê must satisfy the following set of algebraic relations to satisfy the Master equation in the steady statê
where x 0 is an auxiliary scalar. We find a 2 × 2 representation of the matricesÂ,B,Ê which satisfies the algebra (4) with a choice
The average stationary current of A particle is
we have taken the thermodynamic limit L → ∞ in the last step. Due to the presence of the interaction, the B particle also exhibits a stationary current which depends on ε; in fact, j B = j A (as expected in the absence of particle exchange) and the total particle current j = j A + j B = 2 increase in ε is quantified by the differential mobility
where prime denotes derivative w.r.t. ε. Equilibrium corresponds to ε = 0, i.e., p = q (remember that q = e −ε p) and the mobility, as expected near equilibrium, is positive irrespective of the functional form of ψ. On the other hand, in the large driving limit ε → ∞, assuming p and p remain finite, we have,
This sets a criterion for NDM in TRW model: if asymptotically the increasing rate of ψ −1 is larger than the decreasing rate of p −1 , then there will be a finite bias ε * > 0 above which the response is negative. Since the inverse rates measure the diffusion time scales, and the particles here interact via strong repulsive interaction (here hardcore), this criterion is in tune with the proposition given in Ref. [22] . In particular, for the cases q = 1/(1 + e ε ) (i.e., p = 1 − q) or q = e −ε (p = 1), any choice of ψ(ε) for which ψ (∞) < 0 would exhibit NDM. Current j A = j/2 as a function of ε for q = e −ε , ψ(ε) = 1/(1 + ε) is shown in Fig. 2(a) ; NDM occurs here for ε > ε * = 1.505. A somewhat similar model with two coupled Brownian particles is studied in Ref. [30] where only one of the particles was driven by both a static and a time-periodic force and it was observed that the second particle exhibits NDM in some parameter regime. In contrast, here we show that NDM occurs for both the particles when the escape rate of the undriven particle is decreased with increasing drive.
The TRW model, being a simple prototype of two current carrying modes, lacks some important features of realistic driven systems. In the following we study several more complex driven interacting systems and show that a similar mechanism indeed induces NDM.
Two species exclusion process: Our next example is a generalized version of dynamics (3) with an added particle exchange dynamics
Unlike the TRW model, now we have macroscopic numbers of A and B particles, with conserved densities ρ A and ρ B respectively. First let us consider the case α = 0. In absence of particle exchange the number of As (Bs) trapped between to consecutive Bs (As) are conserved and thus the configuration space is not ergodic. One can however choose to work in one particular sector; the dynamics then enforces ergodicity within that sector. Let us work in a sector with exactly one A particle between two consecutive Bs; the configurations are now 
Explicit calculation shows that the current of B particles j B = ψ( B0 − 0B ) is same as j A (as expected for α = 0), thus j = 2j A . The differential response dj dε becomes negative as the field ε is increased beyond some threshold ε * , which depends on the densities ρ A = ρ B as shown in Fig. 2(a) for p = 1, q = e −ε , and ψ(ε) = 1/(1 + ε). For α > 0, we do not have an exact solution; however, Monte Carlo simulation confirms that the model still exhibits NDM in a fairly large range of particle densities. Fig. 2(b) shows plots of j A and j B versus ε for different values of α for ρ A = 0.1, ρ B = 0.3.
Asymmetric Misanthrope Process: It is interesting to ask whether it is possible to see NDM in systems without hardcore exclusion. To this end we investigate an asymmetric misanthrope process (AMP) [31] on a onedimensional lattice where each site i can hold any number of particles n i ≥ 0. The particles can hop to their right or left nearest neighbors with a rate that depends on the occupation of both departure and arrival sites,
the functional form of the rate functions u r,l (.), for right and left hops are different. This dynamics conserves density ρ = i n i /L. The asymmetric rate functions correspond to driving fields E mn = ln ur(m,n) u l (n+1,m−1) acting on bonds with local configurations (m, n). Clearly, if E mn = 0 ∀ m, n, we have u r (m, n) = u l (n+1, m−1) and the system is in equilibrium satisfying detailed balance condition with all configurations being equally likely.
We now choose a set of specific rate functions,
Here, rightward hopping of particles to vacant neighbors are not biased (as both the rightward hop and corresponding reverse hop occur with same rate ψ) whereas other rightward jumps are biased by an external field which depends on the occupation of the departure site: ε when the departure site has only one particle or otherwise a constant field ln 2.
To explore the possibility of NDM in this system we did Monte Carlo simulation with ψ(ε) = 1/(1 + ε). Figure 3(a) shows the particle current j versus ε (symbols) which depicts a non-monotonic behaviour; once again we see that slowing down a non-driven mode results in a NDM. This behaviour of current can be understood more rigorously from the exact steady state weights of AMP, which is of a factorized form P ({n i }) ∼ i f (n i ), when the rate functions satisfy certain conditions [31] . In the present case, these conditions require
with δ = 1 4 (e ε − 2 + √ 4 + 12e ε + e 2ε ), when f (n) = δ n−1 ∀ n > 0 and f (0) = 1. Note that, this ψ(ε) is still a decreasing function but the model is well defined only in the regime ε > ln 
, where fugacity z controls the particle density through
. Finally, the current is,
Fig . 3(a) shows j as a function of ε for density ρ = 0.15; NDM is observed for ε 0.9. The factorized steady state of AMP discussed above is also a steady state of the asymmetric zero range process (AZRP) for a class of rate functions [31] , one example being where v(n) = f (n − 1)/f (n). We find that current in AZRP with above dynamics also exhibits NDM for large densities; see the dashed curve in Fig. 3(a) . What appears essential for the occurrence of NDM is the asymmetric rate functions which, we think, can be realized experimentally with colloidal particles [32] in asymmetric separate channels [33, 34] . Nonequlibrium response relation: Away from equilibrium, the linear response of current J can be expressed as a sum of two nonequilibrium correlations [4] ,
where S(ω) and D(ω) are the entropy (anti-symmetric under time reversal) and 'frenesy' (symmetric) associated with a trajectory ω during time interval [0, t]; primes denote derivatives w.r.t ε and f ; g ≡ f g − f g . For a single driven tracer, S = J and the entropic term is simply the variance of the current while the frenetic one depends on the details of the specific dynamics. A large frenetic contribution which may occur, for example, in presence of traps or obstacles, can make the overall response negative [16, 19] . To understand how the entropic and frenetic components of mobility compete in systems where the escape rate (or the time-symmetric traffic) of the driven particle or mode is fixed whereas a non-driven mode is slowed down, let us consider the example of TRW model with p+q = 1. Since the driving is associated with the A particle only, we have S = J A , where J A is the time-integrated current of the A particle during the time [0, t]. The change in dynamical activity is now,
where t AB (t BA ) refers to the total time during which B sits immediately to the right (left) of A. For the stationary current j = lim t→∞ J /t, the entropic component is then given by M (ε) = lim t→∞ J A ; J /2t and the frenetic component K(ε) = − lim t→∞ D (ω); J /t. Figure 3(b) shows plots of M (ε) and K(ε) obtained from Monte Carlo simulations. Similar to the single particle case, M (ε) remains positive for all ε > 0 whereas K(ε) becomes negative resulting in NDM above a threshold field. The inset shows the average time-symmetric traffic i A,B , both decrease as the driving is increased; the unbiased B particle, being slowed down by the field ε, in turn slows down the A particle [35] .
Conclusion: In this article, we address the question of negative differential mobility (NDM) in interacting driven diffusive systems. It is known that NDM can occur when the driven particles are slowed down (increased time-scale of motion) by the external field. Here we propose an alternate mechanism and show that NDM can occur in multi-component system when the drive slows down some other, undriven, degree of freedom. First we illustrate this phenomenon in an exclusion process with two particle species where only one type of particles are driven by an external field. The other particles, although unaffected directly by the drive, slows down due to mutual interaction, resulting in NDM. To understand the mechanism we study a pedagogical example of two distinguishable random walkers on a periodic lattice interacting via exclusion only, one of which is driven by an external field. Other, more complex, exactly solvable examples of two-species exclusion process and asymmetric misanthrope process are also studied where the same mechanism leads to NDM for large driving. This mechanism provides a new direction to the occurrence of NDM in interacting particle systems, in contrast to the existing ones -jamming, kinetic constraints or trapping of driven modes.
